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1 Introduction

In November 2007, some of the world’s experts on physicedasathematical models for nanoscience and
nanotechnology met at the Banff Centre, where the Banffhatégonal Research Station hosted a workshop
on recent developments in the study of the mathematics aysigshof nanomaterials and nanostructures.
Nanotechnology is the study and application of phenomemwa bélow the dimensions of 100 nm and has
received a lot of public attention following popular acctaisuch as in the bestselling book by Michael
Crichton,Prey. Itis an area where fundamental questions of applied maitiesrand mathematical physics,
design of computational methodologies, physical insighgineering and experimental techniques are meet-
ing together in a quest for an adequate description of natesials and nanostructures for applications in
optoelectronics, medicine, energy-saving, bio- and oklegrtechnologies which will profoundly influence
our life in the 21st century and beyond. There are alreadylteds of applications in daily life such as in
cosmetics and the hard drives in MP3 players (the 2007 Naid im physics was recently awarded for the
science that allowed the miniaturization of the drives)jveeing drugs, high-definition DVD players and
stain-resistant clothing, but with thousands more ardieid. The focus of this interdisciplinary workshop
was on determining what kind of new mathematical and contjmunial tools will be needed to advance the
science and engineering of nanomaterials and nanostesdtLg].

Thanks to the stimulating environment of the BIRS, partoits of the workshop had plenty of opportu-
nity to exchange new ideas on one of the main topics of thigkskap - physics-based mathematical models
for the description of low-dimensional semiconductor retnectures (LDSNS) that are becoming increas-
ingly important in technological innovations. The main @tijve of the workshop was to bring together
some of the world leading experts in the field from each of tbg lesearch communities working on dif-
ferent aspects of LDSNs in order to (a) summarize the stthesart models and computational techniques
for modeling LDSNSs, (b) identify critical problems of majonportance that require solution and prioritize
them, (c) analyze feasibility of existing mathematical @odhputational methodologies for the solution of
some such problems, and (d) use some of the workshop workgsioss to explore promising approaches in
addressing identified challenges.



Since the main properties of two-dimensional heteroatirest (such as quantum wells) are now quite
well understood, there has been a consistently growingdstén the mathematical physics community to
further dimensionality reduction of semiconductor stawes. Experimental achievements in realizing one-
dimensional and quasi-zero-dimensional heterostrustuage opened new opportunities for theory and ap-
plications of such low-dimensional semiconductor nanastres. One of the most important implications
of this process has been a critical re-examining of assamgtinder which traditional quantum mechanical
mathematical models have been derived in this field. Indbedprmation of LDSNSs, in particular quantum
dots, is a competition between the surface energy in thetsreiand strain energy. However, current mod-
els for bandstructure calculations use quite a simplifieslyesis of strain relaxation effects, although such
effects are in the heart of nanostructure formation. By rioiags been understood that traditional mathemat-
ical models in this field, applied widely in the physics andieeering communities, may not be adequate for
modeling realistic objects based on LDSNs due to negleatiagy effects that may profoundly influence op-
toelectronic properties of the nanostructures. At the siime, precisely these optoelectronic properties are
of fundamental importance in a wide range of LDSN applicga&ioAmong such effects that may profoundly
influence such properties are electromechanical effestiiding strain relaxation, piezoelectric effect, spon-
taneous polarization, and higher order nonlinear effédpsto date, major efforts have been concentrated on
the analysis of idealized, isolated quantum dots, whilepictf self-assembled semiconductor quantum dot
nanostructure is an array (or a molecule) of many individpantum dots sitting on the same ‘substrate’
known as the wetting layer. Each such dot contains severalred thousand atoms. In order to account
for quantum effects accurately in a situation like thaterpts can be made to apply ab initio or atomistic
methodologies, but then one would face a task of enormouguatational complexity in solving a large-scale
many-body problem. On the other hand, taking each quanturimdsolation would lead to a manageable
task for modern supercomputers, but accounting for theinwgetayer even in the individual quantum dot
model would increase the computational complexity of thebpegm in several times. Indeed, from a mathe-
matical point of view the resulting model becomes a chakethge to multiple scale effects we have to deal
with in such situations. As a result, the entire problem engénerality would be hardly feasible from a
practical, routine-based simulation, point of view. Morep in calculating atomic positions the definitions
of atomic forces that enter the Hamiltonian in such largéesatomic simulations are approximate by nature
and a number of important coupled effects, such as piezoelaemain frequently outside the scope of the
analysis. To attack the problem in hand, one needs to rasadrhe clever averaging over atomic scales.
Such averaging can be achieved by empirical tight-bingisgudopotential, and- p approximations. These
approximations are very important in further developmédniathematical models for LDSNs due to the
fact they are well suited for incorporating additional effeinto the model, including strain, piezoelectric
effects, spontaneous polarization, geometric and mégeralinearities. These effects, despite their impor-
tance, have not been studied with vigor they deserve, iricodat in the context of mathematical models
for bandstructure calculations. There is a growing intet@such models as they should provide a key to
better predicting optoelectromechanical properties 08N which are in the heart of current and potential
applications of these structures. With anticipated newalisries in theoretical and experimental analysis of
LDSNs in the coming years, one of the main emphases of theshogkwas on the mathematical models
that would allow incorporating these effects consisteimiy the state-of-the-art models for LDSNs. From a
mathematical point of view, many such models can be reducaddrge eigenvalue PDE problem coupled to
the mathematical models for strain and piezoelectric &ffda its turn, in its general setting the problem of
strain and piezoelectric potential calculation requihesdolution of a nonlinear system of partial differential
equation. A large experience in solving these two parts efgioblem separately, independently of each
other, has been already accumulated in the distinct contiesiaf the researchers. This BIRS workshop
effectively combined expertise of these research comnesnisummarized the state-of-the-art for model-
ing LDSNs and key challenges facing these communities, aplbed ways to address those challenges in
interdisciplinary team settings.

Before the workshop, invited attendees were asked to uplueid abstracts electronically to stimulate
initial discussions (sekt t p: / / www. n2net | ab. wl u. ca/ | dsn- banf f /). Following the conclusion
of the event, a selected number of refereed extended pagating to the workshop presentations were pub-
lished in the Journal of Physics Conference Series (JPC8irest link to thel2 JPCS refereed proceeding
contributions can be found on the BIRS homepage for this slawk (or from the above site).



2 State-of-the-art overviews and interdisciplinary effoits in mathe-
matical modelling of low dimensional nanostructures

At the beginning of the workshop, state-of-the-art ovemgef the subject from perspectives of experi-
mentalists, physics, applied mathematics and computdtsmience communities were given by key experts
in their respective fields. We had four main plenary talks oé tour duration that gave state-of-the-art
overviews of the subject from perspectives of applied nratitees (Professor Russel Caflisch of the Univer-
sity of California at Los Angeles), physics (Professor ARtkka Jauho of the Danish Technical University),
and computational science and engineering communitiedg€&sor Gerhard Klimeck of Purdue University),
as well as from a point of view of experimentalists (Dr Gaibn of the Materials Lab/Air Force Research
Lab at Wright-Patterson AFB). These talks helped identifyareas where joint efforts needed to be directed
to, and they set up the scene for further work during the warks including discussions at the workshop
open problem sessions. All participants presented thairr@search in LDSNs. At the last day of the work-
shop, time was allocated for on-site demonstrations ofratugodel-based software tools such as NextNano
by Stefan Birnerk - p based models) as well as for the NanoHub project by Gerhardg€k (models
for bandstructure based on tight-binding methodologi@splving LDSN analysis. Good discussions of
strengths and weaknesses using these electronic banidetrogethods in determining basic physical prop-
erties of quantum dots and computing characteristics ofifgua-dot based devices came out of this session.
Indeed, it was one of the main ideas to create this discusdionsphere so as to identify pros and cons in
applying various mathematical and computational methads@explore how they can possibly supplement
each another. There is no doubt that large quantum-dot aadtgu-wire based structures are still com-
putationally too demanding when assessing most devicécatiphs and physical properties. In particular,
investigation of carrier dynamics and light propagatiomémodevices with dynamic coupling to electronic
state fillings, Coulomb interactions, electromechanidamomena requires use of less computationally in-
tensive bandstructure methods.

3 Low dimensional nanostructures as multiscale complex stams

We now discuss some of the main themes in detail. Low dimeasisemiconductor nanostructures are
multiscale complex systems that require the developmeoabwopled mathematical models for their studies
[19]. Parts of these systems (e.g., two bulk materials)@refl together at the atomistic level via interfaces
to form a new structure with properties unmatched beforés #in interdisciplinary area where continuum
and atomistic, deterministic and stochastic mathematizadels go hand in hand. I. Prigogine, a Nobel
Laureate in Chemistry, pointed out a while ago that "comityeis no longer limited to biology or human
sciences: it is invading the physical sciences as deepltedom the laws of nature”. Low dimensional
nanostructures provide one of the most important examplesupled complex systems in physical sciences
with a fascinating range of current and potential applarai

One of the emphases of this workshop was on the developmeffiective (such as envelope-function)
mathematical models for LDSNs, coupled to models of contmuechanics for strain and electromechan-
ical effects, that mathematically lead to a system of eigkres PDE problems. From a physical point of
view, electronic bandstructure theory is an important édlggnt in the understanding of optical and elec-
tronic properties of semiconductors nanostructures. Qieeoclassic tools (since the fifties) for obtaining
electronic bandstructures is the envelope-function thatso known as th& - p method discussed exten-
sively during the workshop (e.g., [10, 20]). This method $lagwn its strength in modelling electronic states
with remarkable accuracy qualitatively and quantitagifel bulk and quantum-confined structures capturing
many of the subtle geometric details as well as microscapdcraacroscopic (full nanostructure) symmetry
characteristics. The fact that variations in physical iedde larger in smaller quantum-dot structures than
in bulk-based semiconductors (due to larger gradients itenad-composition in the former as compared to
the latter) implies that nonlinear electromechanical diogpeffects can play a significantly role not known
in bulk applications. In addition, other nonlinear effestigch as nonlinear strain, are becoming increasingly
important for such structures [18]. During the workshog ttevelopment of mathematical models for the
description of coupled electromechanical effects in lomelisional nanostructures were discussed by Baret-
tin et al., Mahapatra et al, and Lassen et al. Baredtial. presented a method for obtaining accurate strain



distributions in cylindrical quantum dots using Navierguations, Maxwell's equations, and constitutive
electromechanical relations derived from free-energysi@rations [1]. Lassen et al [10] demonstrated the
impact of using the fully coupled electromechanical equregincluding piezoelectric effect and spontaneous
polarization as compared to the semi-coupled approacher8lensightful examples were provided in this
context [10].

The governing constitutive equations in the electromeidadfields in the linear case are:

Oik = Ciklmelm + enikanv: Di = €ilm€im — 6znanvv + Pispa (1)

whereo, ¢, V, D, P;? are the stress, strain, electric potential, electric dispinent, and spontaneous polar-
ization, C, ¢, ande are the stiffness, dielectric, and piezoelectric constamispectively. Combination with
Navier’s equation and the Poisson equation:

@-aij = O, (%DZ = 0, (2)

in addition to appropriate boundary conditions specify¢bmplete set of model equations. Here the strain
is composed of a lattice mismatch part and a part relateddaiedjgerivatives in the displacement vector.

The strength of the model, discussed by Barettin et al, idéise inclusion of the symmetry and the nanos-
tructure geometry imposing Dirichlet boundary conditionghe mechanical displacement far into the (well)
material embedding the quantum dot. They compared fouerifft quantum-dot cases taking into account
one or more of the three effects: lattice mismatch betwe¢mmdd well material, spontaneous polarization,
and piezoelectric effects. Their results showed that Sagrit changes in the strain distributions result if
any of the three effects are omitted. Hence, since strainfirasdjualitatively electronic bandstructures and
momentum matrix elements, it is important to always perfarepupled-field investigation when evaluat-
ing optoelectronic properties of semiconductor nanostines, as it was emphasized by Lassen et al [10].
In effect, output results for strain and other physical fiedde used as input to envelope-function methods
allowing for a computationally fast and accurate detertidmaof optoelectronic properties accounting for
electromechanical coupling.

From a mathematical point of view, a system of coupled padiféerential equations that needs to be
solved in this context (elasticity equations coupled whk Maxwell equation, sometimes referred to as
the Navier-Poisson system) leads to non-trivial mathezahtlifficulties related, in addition to the well-
posedness issues [15], to the stability of numerical agprations [16]. The results of the solution of such
systems are then used in solving an eigenvalue PDE probleohwépresents a serious challenge even in the
case of single band models, as it was demonstrated in [1#fethe issue of correct boundary conditions was
addressed. New interesting quantum confinement phenosgrtaas existence of critical radius in nanowire
superlattices, were studied extensively with such mathieadanodels [28]. Higher order approximations
based on such models both for the strong and weak formutatitiihe eigenvalue problem were also studied
in detail in [11]. However, new challenges appear in attentptgeneralize such analyses to the multiband
models. Indeed, in the case ®fx 8 Hamiltonian, such a system consists of 8 coupled equatidresev
the verification of ellipticity conditions and the issue plusious solutions lead to another set of non-trivial
mathematical difficulties [12].

Nonlinear strain, polarization and diffused interfacesef§ in low dimensional nanostructures were dis-
cussed by D.R. Mahapatra et al who emphasized also the iamuerdf the size effects, as well as nonlinear
effects, in the modelling of such structures [18]. Theirlgsia was based on a self-consistent modeling
framework within which they developed a variational foratidn of the Poisson-Navier-Schrodinger sys-
tem.

3.1 Quantum dot arrays and coupling to other fields

In addition to the importance of electromechanical couphlmd the development of associated mathemat-
ical models accounting for this coupling, as discussed @baseries of discussions were focused on the
importance of other physical fields in the study of low dirmienal nanostructures, such as magnetic. In
addition, several novel concepts were discussed in theerkbaf quantum dot arrays or molecules where a
set of several quantum dots are considered as a coupledsyste



In particular, quantum dot molecules have been discuss&d®yAusting et al who observed striking and
unexpected magnetic-field induced intra-dot level mixing guantum superposition phenomena between
two, three and four approaching single-particle statesgnamtum dot.

3.2 Nonlinear phenomena and mathematical modelling of phastransformations

Coupled nonlinear thermo-mechanical effects were digtlby M. Zhou who focused on the newly iden-
tified transformations to novel pseudoelastic behavioth weécoverable strains in nanowires. He pointed
out that the transformations also give rise to a couplingvbet the thermal and mechanical behaviors of
the nanowires and offer mechanisms for developing nanoooss with tunable responses. Problems of
structural phase transformations require us to deal witmgty nonlinear effects such as hysteresis and the
development of efficient numerical methodologies for suaibfems represents one of the major challenges
in applied mathematics and mathematical modelling [14, 2B]the context of nanostructures, M. Zhou
presented first-principles calculations based on the tefusictional theory (DFT) and molecular dynamics
(MD) simulations that yielded critical conditions for tleesansformations.

Hysteresis effects without plastic deformation as obskimenanoscale contact experiments were dis-
cussed by A. Lew who presented a simple model to explain teergbd behavior.

3.3 Mathematics of nanocrystal growth and modelling the sythesis of nhanocrystals

Nanocrystal growth is an intrinsically multiscale procedse of the examples includes growth of an epitaxial
thin film which involves physics on both atomistic and coatim length scales. Indeed, diffusion of adatoms
can be coarse-grained, but nucleation of new islands arakbpefor existing islands are best described
atomistically. These issues were discussed by R. Caflischdgbcribed mathematical modeling, simulation
methods and computational results for epitaxial growtiajistn thin films and pattern formation. His growth
simulations used an island dynamics model with a level setilsition method. He pointed out that strain
computations can be computationally intensive, so thatétffe simulation of atomistic strain effects relies on
an accelerated method that incorporates algebraic midlagid an artificial boundary condition. R. Caflisch
presented simulations that combine growth and strain stgpspontaneous and directed self-assembly of
patterns (quantum dots and wires) on thin films.

X.B. Niu et al studied the effect of a spatially varying pdtehenergy surface on the self-organization
of nanoscale patterns during epitaxial growth. At the whdgsthey presented their mathematical model and
the developed computational approach based on the leveletbbd.

Modelling the synthesis and thermodynamic properties obogystals remains a challenging task for
mathematical modellers, scientists, and engineers. Dzabhet al demonstrated new results obtained with
the developed model for the nucleation and growth based tinthe kinetic Monte Carlo simulations of the
growth process, and a complementary approach involvingntiegration of a set of coupled rate equations
[29]. They were able to overcome a number of difficulties amarsd with the participants of the workshop
their experience with modelling nonlinear effects in thafimed nanocrystals, including the large hysteresis
in the melting point.

3.4 Developing computational methodologies for modellingroperties of nanostruc-
tures

A number of important effects at the mesoscopic level wese discussed at the workshop. H. Guo summa-
rized such effects in the context of mesoscopic spin-H&lotfand provided the audience with details of an
efficient numerical technique for solving the 2D quantunttecang problem.

A computational framework for studying the effects of degions in semiconductor nanostructures on
both electrical and optical properties was presented by JofAnson et al.

A novel hierarchical multiscale model, the surface CauBbyn (SCB) model, was presented by H. Park
et al. He presented a series of results on numerical metbg@sl for capturing surface stress effects on
the mechanical behavior and properties of nanowires. Heddshonstrated how to calculate the resonant
frequencies, and thus the elastic properties of nanowires.



4 Mathematical models for low dimensional nanostructuresn biolog-
ical sciences and medicine

As mentioned above, the quickly progressing technologpwfdiimensional semiconductor nanostructures
requires and depends on reliable predictive theoretic#thoas for systematically improving, designing and
understanding the electronic and optical properties di structures. The problem complexity becomes even
more pronounced if the nanostructures are combined witin&ierials to form bio-sensors. In this case, new
mathematical difficulties are quick to appear. At the sammeeticommercial applications of hanodevices,
like pH, protein, virus or DNA sensors (bio-chips) are ga@in importance in recent years. Therefore, the
development of mathematical models and computationas timoltheir solution are becoming increasingly
pressing.

In the paper and presentation by Bireeal. [2], realistic models of an electrolyte solution, its irgetion
with a semiconductor device surface, and of the semicoonddevice itself were discussed in the framework
of a bio-sensor device based on a silicon-on-insulatocttra. Detailed simulations of protein sensors based
on silicon allow demonstrations of the applicability of thdel approach. The Schrddinger equation and
Maxwell’s equations (with the Poisson-Boltzmann equatiescribing ion charge distributions spatially) are
coupled and solved for the electrolyte and semiconductpons. A standard approach was used to calculate
the energy levels and wavefunctions based on the one-bamtbpe function approximation. As aqueous
electrolytes for use in bio-sensors are usually buffertgmis they resist changes insB* and OH™ ion
concentrations (and consequently the pH) upon additiomaflsamounts of acid or base, or upon dilution.
The concentrations of the ions that are contained in thebd#pend on the pH and the dissociation constant.
These were calculated using the well-known Hendersonditasish equation. In addition, the dissociation
value depends on temperature and on ionic strength in &se#istent way. When using a phosphate buffer,
the concentrations of the buffer ions at a particular pH aneegned by three different dissociation constant
values making it extremely difficult to derive concentras@nalytically. In order to circumvent this problem,
Birner et al. followed a Schrodinger-Poisson coupled numerical schienam iterative way. This was one
out of several examples presented at the workshop where guealdatitive agreement were found with a
multiphysics model employed a fairly simple bandstructudel. It is expected that the use of multiband
electronic bandstructure models would lead to improvedltgand better agreement with experiments.

According to Birnert al., it is necessary to solve the Schrodinger equation in regichere the quantum
mechanical density is negligible or zero such as in insdatélso wavefunction penetration into the barrier
materials (e.g. at Si-SiQinterfaces) is fully taken into account by including a smealjion of the barrier
material into the Schrodinger equation. Model resultsasiempared with available experimental data and it
is found that the Poisson-Boltzmann equation is able toodipre experimental data in contrast to the widely
used Debye-Huckel approximation which faces severediioits.

One of the applications of the nanoHUB framework presenye@.liKlimeck and his collaborators was on
biologically active field-effect transistors, or BioFETEhey have been analyzed as potentially fast, reliable,
and low-cost biosensors for a wide range of applications@&sdre direct, label-free, ultrasensitive, and (near)
real-time operation. The development of multiscale mattéral models for planar sensor structures and for
nanowire sensors requires the drift-diffusion type eaquregticoupled with the mean-field Poisson equation and
a Boltzmann model for the ions. The multiscale models arerg&d in this field due to the large difference
in the characteristic length scales of the biosensors: lilaege distribution in the biofunctionalized surface
layer varies on the Angstrom length scale, the diametereehtanowires are several nanometers, and the
sensor lengths measure several micrometers. It is alsoriardo note that the multiscale models for the
electrostatic potential can be coupled to any charge tahspodel of the transducer. Among others, one
of the mathematical challenges that need to be overcomddthe treatment of the boundary layer which
cannot be modelled by including its total charge. The awtlnmercome these difficulties, and on several
interesting examples demonstrated the importance of thelalmoment of the biofunctionalized surface
layer in addition to its surface charge [7].

Non-conventional nanostructures were reviewed by Y. Zhalng focused on computational challenges
for mathematical modelling of such nanostructures praggerExamples included inorganic-organic hybrid
nanostructures, core-shell nanowires and others.



5 Quantum information, photonics, and telecommunication aplica-
tions

During the last decade, In(Ga)As/GaAs quantum dots (QD&} heceived considerable attention due to the
predicted improvements in device performance that can bhiewed because of their reduced dimensionality
and novel behavior enabling development of new technodoglieh as single photon sources and qubits for
guantum information applications. The operating wavellertd GaAs-based optoelectronic devices can be
tuned within the important telecom wavelength range (18880 nm) by appropriate material and geometry
control of quantum-dot wetting-layer structures. A varief experimental techniques are known including
alternate layer epitaxy, use of low InAs growth rates or bypiag the QDs with a thin layer of InGaAs
before subsequent GaAs growth or encapsulating the QDsweithinGaAs quantum well (dots-in-a-well or
DWELL systems). Clarket al. [4] presented investigations of growth and optical prapsrof INnAs/GaAs
guantum dot (QD) bilayers examining the influence of str&mptical emission-wavelength tuning between
1400 nm and 1515 nm is demonstrated experimentally. Thescemée included mainly theoretical presen-
tations and methods albeit, ultimately, it is the intergh@pween theory and experimental methods that most
effectively leads to technological improvements and usi@eding of the important physics involved. One of
the issues that certainly needs better understanding poebility to control to a higher degree the composi-
tion grading and formation of nanostructure shapes and.siagpresent, the use of self assembly such as for,
e.g., InGaAs-based quantum-dot structures is a criticaltp@heoretical models of growth under tempera-
ture, gas inlet control dynamically exist but they are $4itifrom being able to describe qualitatively and, in
particular, quantitatively the formation of realistic quiam-dot based nanostructures under laboratory condi-
tions. One of the major conclusions of the workshop is thedirtgmce of obtaining in future better theoretical
guidance to experimentalists on the growth process andndigsas well as for theoreticians verification of
theoretical models against experimental results. The angwhese questions can open up possibilities for
producing new quantum-dot structures and ultimately impdodevice applications. Secondly, theoretical
modelling of the influence of statistical fluctuations, ndeal nanostructure surface shape- and composition
grading effects, which are always present in today’s grotwrctures, was identified at the workshop as an
important issue to tackle and address.

Modelling of optical gain as an important task in the apglaas of quantum dot lasers was discussed by
S.L. Chuang.

Slow down of light in a highly dispersive media has gainedreraus attention since reportings in the
late ninetees on light propagating at 17 m/s through a vapatt@ cold Na atoms [5]. A large research
effort has been put into extending these results to semigtindnanostructures at room temperature for ap-
plications in, e.g., telecommunication. Quantum dot-Hakevices are promising candidates for applications
exploiting quantum coherence phenomena due to their at@mptoperties and large dephasing times. For
instance, an all optical buffer based on slow light in quantiots has been proposed. Houmetrlial. [6]
investigated the impact of many-particle interactions ooug-velocity slowdown through Electromagnet-
ically Induced Transparency (EIT). At the workshop, a stlecaladder scheme in the active quantum-dot
energy levels (effective using an appropriate pump-profegation configuration) in the steady-state was
demonstrated vs. earlier attempts based on transient sshavtoreover, the model accounts for Coulomb
interaction effects leading to an increase in maximum diown as compared to the non-interacting case.
The susceptibility was found by computing the microscopiapzations of the material using density-matrix
equations. Emphasis was put on the differences betweemanicainodel or one that includes many-particle
interactions in the Hartree-Fock approximation. Theiuhssalso showed that the necessary pump power at
which maximum slow down is obtained for EIT remains unchahdeiscussions at the workshop revealed
that the use of more realistic electronic bandstructuregelepe-function, empirical, or ab-initio atomistic
calculations) and resulting more accurate dipole momemt&IfT is expected to be of significant importance
for quantitative conclusions on slow down and pump-powguiements. Future investigations along this
line and verification against measurements are thus eakenti

Advances in quantum dots theory and applications for naoimpiics and quantum information devices
were reviewed by Y. Arakawa. Further discussions were cedten quantum dots as promising elements to
control single photons and entangled photon pairs.



6 Dynamic and transport phenomena in low dimensional nanostic-
tures and devices

The development of mathematical models for nanodevicelation brings a number of serious challenges
at theoretical and numerical levels, in particular for tineetdependent models [22]. During the workshop,
they were discussed by D. Vasileska et al who emphasizedthednt role of quantum effects in addressing
the issue of quantum transport. Among the most commonly imsednostructure calculations schemes are
the Wigner-function approach, the Pauli master equatiothflae non-equilibrium Green’s functions (NEGF)

known also as the Keldysh formalism. The authors showedligakey to the successful application of the
NEGF formalism to the 3D quantum transport problem in semdetor nanostructures is the numerical
efficiency of the contact block reduction (CBR) method [9].

A number of new phenomena theoretically predicted with mahtical models were also discussed at
the workshop. One of them is spontaneous excitation of estterano-particle dipole oscillations through
interaction with a quantum-dot two-level system subjecpdgulation inversion [21]. Several important
observations were made: dipole momentum of nano-paréeldd to coherent dipole radiation, optical cavity
is not necessary, the size of the dipole laser can be smhHearthe optical wavelength (it is effectively a
dipole nano-laser). It was demonstrated that the proposgidamatical model allows us to analyze threshold
conditions and optical bistability in dipole nano-lasers.

7 Atomistic and molecular dynamics approaches for low dimesional
nanostructures

The importance of the development of predictive modelliogls was emphasized in the presentation by
H. Huang who argued that at this stage it is already feasthlmddel atomistic processes of pico-/nano-
seconds using classical molecular dynamics and densittifural theory methods. However, the structure
evolution processes on the order of minutes remains a dgalence the nanorods or nanowires have variable
crystalline orientations. The atomistic methodologiegifie structure evolution processes, based on a lattice
kinetic Monte Carlo method, were in the focus of this disausslt was demonstrated that coupling of density
functional theory ab initio, classical molecular dynamensd kinetic Monte Carlo simulations can enable us
to achieve a predictive design of nanorods synthesis [8].

A novel multiscale nonequilibrium dynamics (MS-NEMD) maddeas presented by S. Li who demon-
strated that the developed model is capable of simulatingled thermo-mechanical coupling at small scales,
such as nanoscale heat conduction and phonon scatterirgfdwts] e.g. dislocations.

The effect of bandstructure in the atomistic treatment e€bnic transport was discussed by N. Neo-
phytou et al who focused on such important effects as noakhgdicities and anisotropies in the electronic
structure, strong coupling of bands, degenerate valléffisgk due to enhanced quantum interactions, strain,
material and potential variations on the nanoscale.

M. Korkusinski et al presented new results on atomisticudattons of electronic and optical properties
of semiconductor nanostructures. They found the optinm@hat positions by minimizing the total elastic
energy of the system using the Valence Force Field modekfitst-nearest-neighbor approximation. Once
the equilibrium structure of the sample is established; greceeded to calculating the single-particle states
of the electron and hole confined in the nanostructure ugihdrbinding approaches.

Atomistic simulation of nanosize electronic devices wascdgssed by L.-W. Wang who presented a
method which uses atomistic pseudopotentials to calcthatelectronic structures and electrical properties
of the million atom devices. He explained that he uses alicembination of bulk band (LCBB) method to
solve the electron eigenstates of the system, and speamhfism to occupy the eigenstates in an nonequi-
librium system. He discussed the importance of quantum aréchl effects in the developed modelling
framework.



8 Stochastic mathematical models and control

Another important issue discussed at the workshop was thedaiament of state-of-the-art stochastic models
for dynamic problems describing the behavior of low dimenal nanostructures. It is well known that some
of the most peculiar features of quantum theory such as tisteexe of quantum superpositions and of entan-
gled states are typically destroyed by uncontrolled arichately inevitable interactions with a surrounding,
often incoherent environment [3]. Nevertheless, as it wastpd out during the workshop by Kyriakidis et
al most of the recent theoretical analysis done in the ardawstlimensional dynamical quantum systems
has been either for open Markovian systems, where the pasbrgef the system is neglected, or for closed
unitary systems, where the dynamics are reversible [24]furtber argued that much of the research done
until recently has focused on steady state phenomena wihdsekavian approach can be expected to provide
reasonable results. However, the transient behavior aitbiem carries a tremendous amount of information
in the form of coherence and relaxation dynamics (exampigsade, but not limited to ultrafast laser pulse
excitations that provide insight into the heterostructdyaamics on a femtosecond timescale). Therefore,
the development of a mathematical theory which accountgfantum dynamical behavior on the same time
scale would be of great benefit not only to experiment, butt tdsasic understanding.

Earlier in the report, we have already mentioned the Keldgamalism of non-equilibrium Greens func-
tions (NEGF) and formalisms based on NEGF, which have beensteccessful in the analysis of many
phenomena in mesoscopic systems, including transpordghrquantum dots. However, as it was argued by
Kyriakidis et al, NEGF is inherently a closed-system forisralwhere the system has Hamiltonian dynamics,
and thus does not account for irreversibility arising frameractions with an unseen, unknown, or otherwise
intractable environment. Promising attempts have beerentméxtend NEGF to open quantum system by
treating, for example, the environment as a correctiongcstfstems self-energy, or by calculating two-time
correlation functions, effectively separating the timalss into transient and steady-state regimes. Kyri-
akidis et al investigated the dynamics of bound particlemirdtilevel current-carrying quantum dots where
they looked specifically in the regime of resonant tunnglliransport. Through a non-Markovian formal-
ism under the Born approximation, they analyzed the reag-tvolution of the confined particles including
transport-induced decoherence and relaxation. In the afag@eoherent superposition between states with
different particle number, they found that a Fock-spacesoaiice may be preserved even in the presence of
tunneling into and out of the dot [24].

During the workshop it was emphasized that to create quadiiites that perform useful functions,
we must be able to understand their behaviour, and havetigffieneans to controllably manipulate it [23].
Analysis of system dynamics and the design of effectiverobstrategies require the availability of suffi-
ciently accurate mathematical models of the device as wrigéed earlier in the report. New mathematical
challenges appear in the task of intrinsic control systeemtification for quantum devices. The problem
of experimental determination of subspace confinementrhes®f primary importance in this case. It was
argued during the workshop that a fundamental prerequ@iteonstructing a Hilbert space model for char-
acterizing subspace confinement is knowledge of the unidgrifilbert space. This is a nontrivial problem
as most systems have many degrees of freedom, and thus digdbtdruge Hilbert space, but effective
characterization of the system often depends on finding allowensional Hilbert space model that captures
the essential features of the system. Schirmer et al prdpsis®le general strategies for full Hamiltonian
identification and decoherence characterization of a otlett two-level system [23].

9 Physics-based mathematical models and experiments

The development of physics-based mathematical modelsdrigid is closely connected with the state-of-
the-art experimental results. In Fig. 1 we schematicalyspnted three main areas that influence significantly
the development of mathematical models for nanostructamesnanostructure-based devices. The partici-
pants of the workshop identified, in each of these three atkassignificant experimental achievements in
recent years. We summarize them below:

e Growth/Nanomechanics (emerging nanoscale experimebtat@n precision probe method for posi-
tions and compositions; mechanical, thermal, optical ghdraneasurements);
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Figure 1. Main components to be accounted for in the devedotrof physics-based mathematical models
for low dimensional nanostructures.

e Nanodevices and Simulation (multicell junction and cdnelkssolar cells; entangled photon states;
DNA sensitive FETS);

e Nanophysics and Quantum Phenomena (single-photon emiséigle-electron spin detection; quan-
tum spin-Hall effect).

Current state-of-the-art modeling achievements wereidisatified in the same three areas:

e Growth/Nanomechanics (methodologies based on kinetict®&iGarlo (kMC), accelerated MD, longer
time scale simulations, multiscale, multiphysics modatemistic/continuum, density-functional the-
ory (DFT), level set, and others);

e Nanodevices and Simulation (50+ million atoms + ValenceEéiield; time-dependent DFT; quantum
MC);

e Nanophysics and Quantum Phenomena (DFT relaxation + ligiaing electronic structure; ab initio
and temporal behavior; non-equilibrium Green’s functid&gGF).

Finally, the feasibility of mathematical and computatioathodologies in two of the areas were brought up:

e Growth/Nanomechanics (currently it is possible to simailat000 atoms with DFT, while realistic
problems often require 1 000 000 for QD and quantum wires; Kiblluster distribution; MD for
diffusion; continuum approach for surface morphology; OB sticking coefficients);

e Nanodevices and Simulation (multiphysics modeling of manm@tures; multiscale techniques from
atomistic level to the device level; NEGF techniques fon$zort).

10 Open problems, points of controversy, new directions, ahout-
comes

The complexity of present-day laboratory nanostructumwvtin imposes a strong need for better interac-
tion between theoretical physicists, applied mathenwaiii and experimentalists to improve technological
development in the field and to advance physics-based matieaimodels that would assist this develop-
ment. Today, only very limited knowledge is available on itiftuence of growth parameters on the details
of nanostructure shape and size, composition determihiagniportant physical properties and ultimately
device applications. Finally, an important aspect of thiskghop was to remove barriers in communication
between theoreticians using different mathematical n®drt methodologies for the analysis of growth,
electronic bandstructures, and device characteristi¢gs i§ important for obtaining a better understand-
ing of individual methods and how they can be combined affelstin studying complicated nanostructure
phenomena. As we pointed out in the previous sections, mustate-of-the-art methodologies cannot be
efficiently used to design nanoscale structures and thepegties. During this workshop, the study groups
were formed to identify some of the key open problems in thjgidly developing interdisciplinary field.
Each study group had experts in all three main areas repegsanthis workshop: experimental physics,
theoretical physics, applied mathematics and computatirience. The summary of study groups work on
the identification of open problems is summarized below:
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e Growth/Nanomechanics (reliable surface structure ptedideyond periodicity; reliable growth pro-
cess control and simulation, including 3D nucleation, deéentrol; uniformity and quantity of a few
nm materials);

e Nanodevices and Simulation (control of carrier injectiand photons and phonons; realistic and reli-
able device modeling; coherence/decoherence);

e Nanophysics and Quantum Phenomena (reduction for deaateerquantum system identification;
measurement in quantum physics; strongly correlated guagsystems; quantum transport phenomena
in complex systems).

There were a number of productive discussions during théstap that highlighted some points of
controversy. For example, given that a range of coupledistale effects must be accounted for in the de-
velopment of mathematical models for LDSNs, how to quarntig/quality of approximations and limitations
in applicability of main methodologies for bandstructuredealling such a% - p envelope function approxi-
mations, tight-binding, ab initio methodologies? The wabrép generated a substantial interest to these non-
trivial issues. It became also apparent that the pracét®mwho are using one of the above methodologies
were not fully aware in the utility and degree of advancenoétie other methods.

One of the doctoral students (D. Barettin), working on awntim models, was invited to spend six months
visiting one of the plenary speakers working on atomistideis (G. Klimeck). The interest of the partic-
ipants, who traditionally were working on continuum modets atomistic first principle analyses has in-
creased as a result of the BIRS workshop which led to sevaleegsjuent presentations and publications
(e.g., [26, 27]).

The outcomes of this workshop included:

e Networks created across disciplinary borders;

e Recognition of physics and mathematics driven nanoscatielimg and addressing some of the most
challenging multiscale problems in mathematical modgléhcomplex systems;

e Consensus-building towards real-time modelling and satih for design and control of nanostruc-
tures and devices.

The above consensus is being built via the development cfipéypased deterministic and stochastic mathe-
matical models for studying low dimensional nanostrugaieng with the development of coupled atomistic-
continuum methodologies for the applications of such m&dahging from growth modelling to the quantum
mechanical analysis of electronic properties.
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