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This report presents a review of the material covered at the workshop on ”Coordinated Mathematical
Modeling of Internal Waves”. The scope of the workshop was very broad, covering internal wave dynamics
that arises in geophysical and astrophysical contexts. Five plenary lectures were given on the topics of
oceanic, atmospheric and astrophysical internal waves. The presenters of these five lectures herein provide
an overview of the state-of-play of research in each of these fields, and furthermore summarize the major
outstanding issues and questions that were raised at the workshop.

1 Astrophysical Internal Waves I (by J. Goodman)

If internal waves are defined as periodic fluid motions restored by buoyancy and coriolis forces, then the
internal waves observed in astronomical bodies are mainly global modes of oscillation rather than travel-
ing waves such as those observed in the Earth’s atmosphere and oceans. This is largely a selection effect,
since at astronomical distances only waves that modulate the net light output from the nearer face of a star
can be directly detected. Small-scale traveling waves are probably excited by instabilities, turbulence, and
sometimes astronomical tides, and such waves may be important for mixing and momentum transport. But
the absence of in situ measurements makes them difficult to constrain. This review concentrates on directly
observed or potentially observable modes/waves; the subject of tidally excited internal waves—dear to my
own heart—has been taken up by G. Ogilvie and others at this meeting.

A g-mode is the usual astronomical term for a global oscillation supported mainly by buoyancy due to
stable stratification of entropy or composition. The radiatively diffusive core of the Sun, which encompasses
70% of its radius and more than 97% of its mass, is stratified, and g-modes surely exist there, but none have
yet been securely detected [7]. Their eigenfunctions are evanescent in the outer 30% of the Sun, which is
convective and therefore unstratified. The predicted velocity amplitude at the photosphere (visible surface)
is < 1mms~! if the g-modes are excited by the convective turbulence, as the p-modes are. The latter are
basically sound waves; ~ 10° p-modes are seen with typical amplitudes ~ 10 cm s~ and periods 3-6 min,
and these have been used extensively to probe the Sun’s internal structure [15].

A possible example of the indirect influence of astrophysical internal waves is the suggestion that g-mode
coupling explains why the core rotates synchronously with the convection zone, as is inferred from p-mode
rotational splittings, even though the Sun has gradually lost angular momentum to the solar wind over its
lifetime [60]. As is often the case with indirect effects of internal waves in astrophysics, however, there are
competing candidates for the coupling mechanism.

Many stars pulsate at amplitudes much larger than would be expected from turbulent forcing. Some
of the frequencies are compatible with g-modes. These include subclasses of main-sequence B stars (i.e.,
surface temperatures 10%-10%° K) [20]. The excitation mechanisms are thermal: modulation of the radiative
or convective heat flux (luminosity) of the star produces mechanical work in a manner somewhat analogous
to—-but thermodynamically much less efficient than—a Carnot engine [17]. That this does not occur in all
stars is due to requirements on the thermal timescale at those depths where modulation is possible, which



translate to requirements on the surface temperature. It is worth noting that whereas the real parts of the
mode frequencies are straightforwardly calculable by linear theory,' calculation of growth rates, stochastic
forcing, and nonlinear saturation are challenging and more vulnerable to uncertainties in the input physics:
e.g. radiative opacities, turbulent viscosities, etc.

By far the best observed and perhaps best understood g-mode pulsators are not main-sequence stars but
white dwarfs. These are “dead” stars supported against their own gravity by electron degeneracy rather
than thermal pressure and composed mainly of thermonuclear ash (helium through magnesium) rather than
hydrogen. The residual heat supports, in addition to the observable luminosity of these objects, a slight
thermal stratification of the outermost layers; additional stratification occurs deeper at the interfaces among
helium, carbon, oxygen (etc.) zones due to the slight differences in nuclear mass per (pressure-ionized)
electron rather than the molecular weight per se. In particular, the DAVs (ak.a. ZZ Ceti stars) are white-
dwarf pulsators with surface temperatures in the range 11,000 — 12,000 K. Due to the compactness of
white dwarfs (R ~ 103-10*km, p > 10° gcm™2), the g-mode periods are 102-10% seconds—as compared
to hours to days for main-sequence pulsators—enabling useful time series to be obtained relatively quickly.
Precise measurements of mode frequencies diagnose the internal structure of the white dwarfs. The intrinsic
linewidths are so small and the mode lifetimes so long in some cases that the gradual change in frequencies
due to cooling—on timescales of order 10° yr—is directly detected ([63] and references therein).

Excitation of DAV g-modes is understood to occur by a thermal instability in which the surface convection
zone is crucial to modulating the heat flux, even though it contains only ~ 10~ of the stellar mass [13, 30].
As with any linear instability, it is necessary to address nonlinear saturation. This is less well understood than
excitation (and much less well than the linear eigenfrequencies), but for the smaller-amplitude pulsators with
many active modes, there are quantitative reasons to believe that saturation occurs by three-mode couplings,
and in particular by parametric instabilities [65].2

This review includes a brief discussion of r-modes in neutron stars. The maximum observed rate of
rotation of neutron stars, ~ 700 Hz, is less than the “break-up” rate where centrifugal force balances gravity
(thought to be ~ 1kHz); it is speculated this is due to loss of angular momentum by gravitational radiation
[11], which requires the star to be slightly nonaxisymmetric. This may occur by linear instability of r-modes,
which can be spontaneously excited by emission of gravitational waves at high rotation rates if the viscosity
of the neutron star is sufficiently small [6]. This is another example of a somewhat speculative indirect effect
of internal waves. There is, however, hope that the gravitational waves may be directly detected in the not too
distant future [62].

Unlike g-modes, r-modes are restored by Coriolis rather than buoyancy forces. They are a special case
of the more general class of rotationally supported internal waves, namely inertial oscillations. r-modes
are distinguished by their long wavelengths and simple dispersion relation; in fact they are approximately
polynomial in Cartesian coordinates. Quadrupolar modes varying longitudinally o< exp(2i¢) have angular
frequency ~ 41/3 in an inertial frame, where (2 is the rotational frequency of the star, but ~ —22/3 in
the rotating frame. This makes them modes of negative energy and angular momentum, so that they can be
excited by emission of positive-energy gravitational waves; since the emitted power is proportional to the
square of the wave amplitude (and to the sixth power of frequency), this produces linear instability. Here
too saturation may occur via a network of nonlinear three-mode couplings [14, 54]. However, it appears that
a steady balance between parametric growth and viscous dissipation of the daughter modes is not possible,
so that growth and saturation of the primary mode —and its potentially observable gravitational waves—may
undergo limit cycles.

2 Astrophysical Internal Waves II (by G.I. Ogilvie)

Internal waves play an important role in astrophysics, in the context of tidal interactions between stars and
planets. In comparison with terrestrial studies, the astrophysical approach takes a broad and often simplistic

I'This is true at least for nonrotating, spherical stars; the basic equations are summarized in the accompanying presentation. Even
linear theory can be conceptually challenging with rotation, however, as witnessed by the talks given at this meeting by B. Dinstrans, G.
Ogilvie, J. Papaloizou, M. Rieutord, & Y. Wu.

2There may be close parallels here to three-mode couplings of oceanic internal waves, discussed at this conference by J. MacKinnon
and N. Balmforth, among others.



view, because we must deal with a vast range of systems and parameters, and have very few observational
data, usually of a highly indirect nature.

Tidal interactions can have a significant effect on the orbital and spin evolution of binary stars over
astronomical timescales if the orbital period is less than ten days or so [68]. They have also affected the
Earth—Moon system and the satellites of other planets in the solar system [49]. Interest has been rekindled in
this subject through the ongoing discovery of many extrasolar planets that orbit very close to their host stars
[69].

Typically, tidal interactions lead to a synchronization and alignment of the spin of the bodies with their
orbital motion, together with a circularization of the orbit. These dissipative processes are accompanied by
heating, which can have dramatic consequences, as in the case of Jupiter’s closest moon, Io. In systems of
extreme mass ratio, such as planets orbiting stars, the large body usually cannot achieve synchronization, and
the tidal exchange of angular momentum leads instead to orbital migration, which is inward if the large body
spins more slowly than the orbit. This process limits the lifetime of planets found in close orbits around stars.

A general mathematical formalism can be constructed for problems of tidal forcing, in which the tidal
potential experienced by a body is expanded in solid spherical harmonics and in a Fourier series in time. For
orbits of significant eccentricity, a broad spectrum of forcing frequencies is present [64]. At least in linear
theory, our aim is to calculate the potential Love number, which is a dimensionless measure of the response
of the body to periodic forcing; it depends on the degree and order of the spherical harmonic that is applied,
and also on the tidal frequency. The Love number measures the external gravitational potential perturbation
generated by the deformed body, which is the only means by which energy and angular momentum can be
exchanged with the companion. It is a complex response function, and its imaginary part Im(k), which
determines the part of the response that is out of phase with the forcing, governs the energy and angular
momentum exchanges.

One possible viewpoint is that an astrophysical body supports a spectrum of discrete global oscillation
modes, which might form a complete set of orthogonal functions under certain conditions. These modes
would typically be computed for an ideal fluid, and their damping rates due to non-adiabatic effects or vis-
cosity would be estimated by perturbative methods. Each mode can then be expected to respond to periodic
forcing in the same way as a damped harmonic oscillator, and the overall response function of the body
would contain a succession of Lorentzian peaks corresponding to the various modes with the appropriate
natural frequencies and damping constants, and weighted according to their spatial overlap with the tidal
potential.

There are at least two important ways in which this viewpoint is questionable. First, the relevant low-
frequency oscillation modes in convective regions of stars and giant planets are thought to be inertial waves,
which do not generally form discrete oscillation modes in an ideal fluid unless they propagate within simple
containers such as a full sphere. If the inertial waves are confined to a spherical shell, for example because
of the presence of a dense planetary core or stellar radiative zone, then after multiple reflections they exhibit
a complicated behavior that depends strongly on the tidal frequency [47, 52]. Singularities associated with
the critical latitude and with wave attractors have been found to be important, and connections can be made
with problems studied in the Earth’s ocean and in laboratory experiments. The tidal response is much more
complicated than a succession of Lorentzian peaks, but on the other hand Im (k) may achieve a viscosity-
independent asymptotic regime in restricted intervals. Recent work by several participants at the workshop
has revealed the importance of inertial waves for tidal dissipation in astrophysical bodies as well as their
remarkable complexity [10, 32, 36, 48, 53, 66]. Broadly speaking, this work implies that global modes are
relevant when the inertial waves propagate in a full sphere, while singularities dominate the response when
the core exceeds a certain size.

Second, when internal waves are involved, global oscillation modes may not be established because the
waves can break. This is a problem especially for internal gravity waves that are excited in stellar radiative
zones. Since the tidal frequency is usually much smaller than the Brunt—Viisila frequency, the gravity waves
can have a very short radial wavelength and propagate slowly. They are especially susceptible to breaking
as they approach the surface of a star (for stars more massive than the Sun) or the center (for solar-type
stars). Wave breaking can prevent the resonant excitation of global modes and leads instead to efficient tidal
dissipation over a broad range of frequencies [29, 31]. This is an example of a situation in which the nonlinear
behaviour is much simpler, in broad terms, than the linear behaviour. It is also an area in which terrestrial
studies can provide valuable information for astrophysicists.



3 Atmospheric Internal Waves (by D.C. Fritts)

Internal Gravity Waves (IGWs) play enormous roles in the dynamics, structure, and variability of Earth’s
atmosphere extending from the surface well into the thermosphere (~500 km and above). Their importance
derives from their many sources, their efficient transport of energy and momentum to higher altitudes, and
increases in their amplitudes and effects accompanying rapid density decreases with altitude (see [22], for
a recent review). The dominant sources for smaller-scale IGWs include topography, convection, and wind
shears. Wavelengths arising from these sources range from ~10 to 100’s of km in the horizontal and ~1 to
100 km or more in the vertical, with the larger scales more prevalent at higher altitudes. Unbalanced jet stream
flows, solar energy inputs in the auroral zones, and body forces accompanying IGW dissipation processes at
higher altitudes yield larger-scale IGWs which have influences at lower or higher altitudes depending on their
phase speeds.

The IGWs having the largest influences on atmospheric circulation and structure, and the weather and cli-
mate processes driving our forecasting needs, are the subset accounting for the dominant transport of energy
and momentum from source regions to higher altitudes. These are the IGWs having the largest amplitudes,
vertical group velocities, and energy and momentum fluxes at each altitude. IGWs excited at larger ampli-
tudes and smaller scales account for the dominant fluxes and play the major roles in the troposphere and
stratosphere. Because atmospheric density decreases by ~10° and ~10! from Earth’s surface to ~100 and
~300 km (for mean solar conditions), respectively, the dominant IGWs in the mesosphere and thermosphere
have larger scales and amplitudes than at lower altitudes by ~1 to 2 decades.

IGW amplitudes increase strongly with increasing altitude because conservative IGW motions maintain
a constant pseudo-momentum flux, F' =< u}w'(1 — f2/w?) > as they propagate, where po(z) ~ e~/
is mean density, H ~ 7 km at lower altitudes, u}, and w’ are the IGW horizontal and vertical perturbation
velocities in the plane of propagation, f and w are the inertial and IGW intrinsic frequencies, and primes and
angle brackets denote perturbations and a suitable spatial or temporal average, respectively. This implies IGW
amplitudes that vary with density or altitude as (u},, w’, p'/po) ~ po 1 2(z) ~ e*/2H However, increasing
amplitudes cause IGWs to be increasingly susceptible to various non-conservative instability processes which
constrain IGW amplitudes, induce various interaction and instability dynamics, and drive IGW energy and
momentum deposition. Larger-scale effects of these dynamics include: 1) systematic changes in the mean
circulation and thermal structure throughout the atmosphere, 2) generation of secondary IGWs at higher
altitudes, 3) modulation of, and by, tidal and planetary wave motions and mapping of these structures to
much higher altitudes, and 4) apparently strong influences of these neutral dynamics on plasma dynamics and
instabilities throughout the ionosphere. Smaller-scale effects include: 5) turbulence and mixing throughout
the atmosphere with intensities and influences that increase with altitude into the thermosphere, and 6) an
approximately “universal” IGW spectrum in wavenumber and frequency remote from IGW sources.

Stability theory provides valuable guidance on the occurrence, character, and time scales of the instability
dynamics influencing IGWs (e.g., [1,43, 57]), while numerical modeling provides insights into the instability
and turbulence dynamics and mixing in idealized environments (e.g., [23, 24]). Despite many advances in
theoretical, modeling, and observational studies, however, current parameterizations of these dynamics, and
their influences on the large-scale circulation and structure of the atmosphere, are recognized to have major
deficiencies due to an incomplete understanding of these dynamics at present (e.g., [40, 56]).

Solar tides are also important components of the atmospheric motion field at higher altitudes. They can
be viewed as large-scale IGWs forced by solar thermal absorption and modified by Earth’s curvature and
rotation. Thermal absorption in the troposphere excites deep tropical convection exhibiting maxima over
Africa, the Amazon basin, and the western Pacific (except during El Nifio) that induces both migrating (sun
synchronous) and non-migrating modes (having eastward and westward phase speeds different than the sun)
at harmonics of a solar day. Solar UV absorption by ozone in the stratosphere yields additional tidal forcing at
larger vertical scales. The result of these thermal sources and interactions among the various tidal modes and
planetary waves is a rich superposition of tidal harmonics exhibiting complex but systematic phase structures
and winds of 50 to 100 ms~! or larger extending from ~80 km well into the thermosphere. Like IGWs
at smaller spatial scales, the tides contribute to energy and momentum transport over considerable depths.
Major tidal roles include the modulation of IGW propagation and transport to higher altitudes extending well
into the thermosphere and tidal influences on plasma dynamics and instabilities in the ionosphere.

Despite significant progress to date in many areas, there remain major unknowns spanning the spectrum



of linear, quasi-linear, and nonlinear dynamics of IGWs in Earth’s atmosphere. While linear theory pro-
vides a reasonable, though qualitative, description of the dominant IGW sources and propagation in variable
environments, it often fails to describe the details. This is surely due, in part, to the lack of complete char-
acterization of the spatial and temporal scales of the IGW sources and the environments in which they arise
and through which they propagate. Observations cannot describe the airflow over terrain at high resolution
and thus are unable to describe the effects of boundary layer dynamics, separation, or temporal modulation.
Similarly, convection is poorly defined in space and time (in observations and models) relative to the scales
of the most intense updrafts (and strongest IGW sources). Hence even an accurate statistical description of
IGW responses to convection is beyond our present capabilities. Other IGW sources, such as jet streams,
wind shears, or body forces, are even less well characterized.

Fine structure in the wind and/or temperature fields through which IGWs propagate almost certainly influ-
ences their propagation and tendency for instability throughout the atmosphere. Yet we have limited abilities
to characterize these influences at present, despite indications that such superpositions of spatial scales may
dramatically influence the tendency toward, and character of, instabilities influencing IGW amplitudes and
transport. Likewise, quasi-linear influences (e.g., IGW-induced mean flows) are well documented at larger
scales throughout the atmosphere, but we know little about transient or localized body forcing or their influ-
ences on IGW propagation, interaction, and instability dynamics.

By far the largest current unknowns concerning IGWs, however, are the nonlinear dynamics and spec-
tral transfers accompanying wave-wave interactions and IGW instability and turbulence generation. While
valuable insights have come from theory, laboratory studies, and atmospheric observations, the parameter
space for these dynamics is enormous, and studies to date have only provided a few enticing glimpses of the
likely diversity. These dynamics and their effects depend in detail on both the dominant properties of these
flows (i.e., IGW and environmental parameters) as well as the fine-structure flow that may or may not be
observable, but which may have significant influences on the flow evolution. Key questions include: 1) when
are linear or quasi-linear dynamics sufficient to describe IGW effects, 2) when are nonlinear effects essential
to account for observed IGW character, 3) which dynamics determine the IGW spectrum with altitude (and
under what conditions), and 4) what dynamics are critical to parameterize these IGW effects in our numerical
weather prediction, climate, and general circulation models?

4 Oceanic Internal Waves I (by J.A. MacKinnon)

Internal gravity waves are ubiquitous in the stratified ocean, and play an important role in both local dynamics
and ecology and the Earth’s climate as a whole. Oceanic internal waves are Boussinesq and often have low
enough amplitudes that a linear dispersion relation accurately describes their polarization and propagation
characteristics (see, e.g. [28]). Vertical wavelengths range from the full ocean depth (km) to tens of meters.
Wave frequencies are bounded at the low end by the local (latitude-varying) inertial frequency and at the high
end by the local buoyancy frequency. Oceanic internal waves tend to be spectrally red in both frequency and
wavenumber, with variance dominated by low-vertical-mode, low-frequency waves [25].

Though there are many motivations to study internal waves in the ocean (heaving of density surfaces
affects everything from sound propagation to light limitation for phytoplankton), most research is inspired
by the large role internal waves in diapycnal mixing. Away from surface and bottom boundary layers the
magnitude and geography of diapycnal mixing in the ocean interior is largely set by the dynamics of breaking
internal gravity waves. Over the last two decades it has become clear that wave breaking, and the resultant
turbulent mixing, are strong inhomogeneous in both space and time. The patterns are driven by details
of internal wave generation, propagation, interaction, and dissipation. In turn, the patchiness of diapycnal
mixing has significant consequences for both regional and global flow patterns. Current generation climate
models include little if any of these patterns or the internal wave dynamics that produce them [33, 38, 55].
Climate models that do not appropriately represent the turbulent fluxes of heat, momentum, and COg across
critical interfaces will not accurately represent the ocean’s role in present or future climate.

Open questions remain for every stage of the internal wave life cycle. Energy is input into the internal
wave field primarily by the tides and wind [67]. Internal tides are generated where the barotropic tide rubs
over rough topography. Near the generation site, internal tides often take beam-like form, with the detailed
structure dependent on tidal strength and shape of the topography [8, 16, 26]. Some of the resultant baroclinic



energy dissipates locally, producing a global map of mixing hotspots that mirrors internal tide generation
sites [59]. However, most of the energy radiates away in the form of low (vertical) mode waves [58]. Where
this low-mode energy dissipates is still very much up in the air - contenders include scattering over deep
topography [39], breaking on the continental slope [46], nonlinear interactions with the ambient internal
wave field, including the special case of parametric subharmonic instability [5, 34, 45, 44], or interactions
with mesoscale features [50, 51].

Near-inertial internal waves start with surface wind forcing of near-inertial motions in the mixed layer [3].
Beta-plane and eddy-interactions change the horizontal wavenumber so this variance can move equatorward
and into the pycnocline, turning purely inertial motions into near-inertial waves that can propagate [18, 19].
Subsequent interactions within the internal wave field and with topography likely determine their role in
turbulence production but these pieces of the puzzle are not well-understood. Local dissipation of higher-
mode near-inertial waves plays a large role in turbulent fluxes of heat, dissolved gases, and nutrients in the
stratified transition layer just beneath the mixed layer. As with internal tides, higher-mode waves are likely
to be generated and dissipated locally, while low-mode waves escape to propagate thousands of km across
ocean basins [4].

5 Oceanic Internal Waves II (By G.N. Ivey)

In the coastal ocean environment, the combination of finite depth and often complex coastal bathymetry
means the role of boundaries becomes all important in the internal wave dynamics. The interaction of internal
waves with the boundaries often promotes turbulent mixing, of central importance not only to local coastal
ocean dynamics but also to basin-scale dynamics. The coastal region is also of particular importance to
industry such as the offshore oil and gas industry, fisheries and the ecological functioning of the region.

Internal waves at density interfaces can grow from an initial small amplitude 79 to form large amplitude
highly non-linear internal wave trains. The final state of these evolving internal waves is dependent upon the
two parameters 70/ H and h/H, where h is the upper layer depth and H the total depth [35]. In extreme
cases, the induced interfacial shear can be so strong that mixing occurs, but the occurrence of mixing is very
dependent upon both the strength of the shear as well as how long the shear is locally sustained [9]. Rather
than in the interior, internal waves at density interfaces are most easily broken down when shoaling over
sloping bottoms where, depending on relative magnitudes of the bottom slope and wave slope, from zero up
to a maximum of 25% of wave energy can be converted to increased PE [2, 12].

In continuously stratified environments, a feature of both observational and numerical modeling work,
particularly in the coastal ocean, is the crossing of obliquely propagating internal wave beams. Resonant
interactions and turbulent can occur at these intersection regions and, while this has been demonstrated in
the laboratory [61], it has not been observed in the field but could well be important in coastal regions
such as Monterey Bay or the South China Sea with complex and energetic internal wave fields. Internal wave
breakdown is clearly more dramatic and active near boundaries and especially due to wave reflection at critical
slopes where energy conversions can again be up to 25% efficient [37]. While the process is well known, the
sensitivity of the process to topographic shape and near boundary ambient flows is less understood.

In general more is known about internal wave reflection than generation. The major generation mech-
anisms are from turbulence in the surface mixing layer and particularly tidally forced flow over bottom to-
pography which can generate both modal and beam-like responses [21]. Field measurements suggest highly
dynamic mean flow fields and intense turbulent mixing in boundary regions and it remains unclear how this
impacts the effectiveness of wave generation, particularly in the beam case [27, 42]

Some implications for field scale numerical models are clearly the need for three-dimensional effects, but
there remains challenges over when (or where in domain) non-hydrostatic models are needed, and how to deal
with the resulting computational constraints for field scale applications. What spatial resolution is needed,
especially near boundaries, to describe the topographic shape, horizontal excursion length and (especially)
in vertical? It is not clear how these factors influence internal wave beam width as it leaves the bottom.
Intimately linked to this is the need for simple but dynamic parameterization of turbulence [41] in the vicinity
of topography where waves may overturn and break.



6 Concluding Q & A

In a concluding session, the following questions were posed and answered by the participants. This is a brief
synopsis of this session.

6.1 What is the spectrum of internal waves produced by turbulence or penetrative
convection?

There appears to be some organization/weak coupling with a preferred excitation frequency w ~ 0.6 N —0.8N
(Sutherland). Some evidence for support of this in ocean data (MacKinnon). Basically a complicated broad
spectrum in stars (Rogers). BV frequency varies significantly with location in stars (Goodman). Interaction
sites between waves set the spectrum; after that it is just propagation (Sutherland).

6.2 Is geometric focusing relevant in a domain with a large aspect ratio?

Focusing was first studied in a thin shell case around the equator. Important when waves only get trapped in
an equatorial region (Rieutord).

6.3 “’Universal” wave spectrum - what causes it?

In atmosphere it is instability processes (Fritts). Saturation phenomena due to wave-wave interactions in
the ocean. Reproduced by numerical models. GM spectrum established since 1970’s and proven if energy
enters in M2 and K'1. Not necessarily triad interactions (StLaurent). Lots of tests/foundation came from near
Woods Hole. There have been ocean observations elsewhere that disagree (Alford). Ocean expressed in terms
of modes. Atmosphere has very different processes (Sutherland). Maybe some small-scale processes are the
same in the ocean and atmosphere (MacKinnon). Don’t need breaking to achieve saturation (StLaurent).
Energy dissipation timescales are different in the ocean ( 50 days) and atmosphere ( 10 days). Scales in the
ocean different to atmosphere. Ocean is limited to 10km vertical scales whereas atmosphere can go upto
100km (general comments).

6.4 Why isn’t momentum deposition important in the ocean?

Not necessarily true. In Antarctic Circumpolar Current it may be that momentum deposition by lee waves is
important. Also in equatorial undercurrent (MacKinnon). Momentum deposition in the ocean appears not to
have been measured (Sommeria,StLaurent).

6.5 Why perform lab experiments?

Basically there are still processes that are challenging for numerics. Can see unexpected things in the lab.
Numerical models are for finite periods of time; if you are interested in long time behavior then need experi-
mental validation (general comments).

6.6 Is there an atmospheric tide?

Yes. Created by heating and cooling. Also gravitational tides. This is very important in the ionosphere
(Fritts).



References

[1] U. Achatz, On the role of optimal perturbations in the instability of monochromatic gravity waves, Phys.
Fluids 17 (2005) 094107.

[2] P. Aghsaee, L. Boegman, K.G. Lamb, Breaking of shoaling internal solitary waves, J. Fluid Mech., in
press (2010).

[3] M.H. Alford, Internal swell generation: The spatial distribution of energy flux from the wind to mixed
layer near-inertial motions, J. Phys. Oceanogr. 31 (2001),2359-2368.

[4] M.H. Alford, Energy available for ocean mixing redistributed though long-range propagation of internal
waves, Nature 423 (2003), 159-163.

[5] M.H. Alford, J.A. MacKinnon, Z. Zhao, R. Pinkel, J. Klymak and T. Peacock, Internal waves across the
Pacific, Geophys. Res. Lett 34 (2007).

[6] N. Andersson, A New Class of Unstable Modes of Rotating Relativistic Stars, Astrophysical Journal 502
(1998),708-713.

[7]1 T. Appourchaux et al., The quest for the solar g-modes, Astronomy and Astrophysics Review 18 (2010),
197-2717.

[8] N. Balmforth and T. Peacock, Internal tide generation by supercritical topography, J. Phys. Oceanogr.,
39 (2009), 1965-1974.

[9] M.F. Barad and O.B. Fringer, Simulations of shear instabilities in interfacial gravity waves, J. Fluid Mech.
644 (2010),61-95.

[10] A.J.Barker and G.I. Ogilvie, Mon. Not. R. Astron. Soc. 404 (2010), 1849.

[11] L. Bildsten, Gravitational Radiation and Rotation of Accreting Neutron Stars, Astrophysical Journal
501 (1998),L.89-L.93.

[12] L. Boegman, G.N. Ivey, and J. Imberger, The degeneration of internal waves in lakes with sloping
topography. Limn.Ocean. 50 (2005), 1620-1637.

[13] A.J. Brickhill, The pulsations of ZZ Ceti stars, Monthly Notices of the Royal Astronomical Society 204
(1983), 537-556.

[14] J. Brink, A nonlinear coupling network to capture the R-mode instability in neutron stars (2005), avail-
able at http://adsabs.harvard.edu/abs/2005PhDT........ 26B,provided by the SAO/NASA Astrophysics Data
System.

[15] J. Christensen-Dalsgaard, Lecture Notes on Helioseismology (2003), available for download at
http:/lwww.phys.au.dk/ jcd/oscilnotes/.

[16] S.T.Cole,D.L.Rudnick and B.A. Hodges, Observations of tidal internal wave beams at Kauai Channel,
Hawaii, J. Phys. Oceanogr. 39 (2009),421-436.

[17] J.P. Cox, Theory of stellar pulsation, Princeton University Press (1980).

[18] E. D’Asaro, The energy flux from the wind to near-inertial motions in the mixed layer, J. Phys.
Oceanogr. 15 (1985),943-959.

[19] E.D’Asaro, C. Eriksen, M. Levine, P. Niller, C. Paulson and P. van Meurs, Upper-ocean inertial currents
forced by a strong storm. Part 1: Data and comparisons with linear theory, J. Phys. Oceanogr. 25 (1995),
2909-2936.

[20] , W.A. Dziembowski, Oscillations in main sequence B-type stars - challenges to theory, Communica-
tions in Asteroseismology 150 (2007), 175-180.



[21] P. Echeverri, M.R. Flynn, K.B. Winters and T. Peacock, Low mode internal tide generation by topogra-
phy: an experimental and numerical investigation, J. Fluid Mech. 636 (2009),91-108.

[22] D.C. Fritts and M. J. Alexander, Gravity dynamics and effects in the middle atmosphere, Rev. Geophys.
41 (2003).

[23] D.C. Fritts, L. Wang, and J. Werne, Gravity wave - fine structure interactions: A reservoir of small-scale
and large-scale turbulence energy, Geophys. Res. Lett. 36 (2009),L19805.

[24] D.C. Fritts, L. Wang, J. Werne, T. Lund, and K. Wan, Gravity wave instability dynamics at high
Reynolds numbers, 2: Turbulence evolution, structure, and anisotropy, J. Atmos. Sci. 66 (2009), 1149-
1171.

[25] C. Garrett and W. Munk, Internal waves in the ocean, Ann. Rev. Fluid Mech. 11 (1979),339-369.

[26] C.Garrett and E. Kunze, Internal tide generation in the deep ocean, Ann. Rev. of Fluid Mech.,39 (2007),
57-87.

[27] B. Gayan, S. Sukar and J.R. Taylor, Large eddy simulation of a stratified boundary layer under an
oscillatory current, J. Fluid Mech. 643 (2010),233-66.

[28] A.E. Gill, Atmosphere-Ocean Dynamics, Academic (1982).
[29] P. Goldreich and P.D. Nicholson, Astrophys. J. 342 (1989), 1079.

[30] P. Goldreich and Y. Wu, Gravity modes in ZZ Ceti stars. I. Quasi-adiabatic analysis of overstability,
Astrophysical Journal 511 (1999),904-915.

[31] J. Goodman and E.S. Dickson, Astrophys. J. 507 (1998), 938.
[32] J. Goodman and C. Lackner, Astrophys. J. 696 (2009), 2054.

[33] S. Griffies et al., Problems and prospects in large-scale ocean circulation models, in OceanObs09 Pro-
ceedings (2009).

[34] T.Hibiya, M. Nagasawa and Y. Niwa, Nonlinear energy transfer within the oceanic internal wave spec-
trum at mid and high latitudes, J. Geophys. Res., 107 (2002).

[35] D.A.Horn,J. Imberger and G.N. Ivey, The degeneration of large-scale interfacial gravity waves in lakes,
J. Fluid Mech. 434 (2001), 181-207.

[36] P.Ivanov and J.C.B. Papaloizou, Mon. Not. R. Astron. Soc. 376 (2007), 682.

[37] G.N., Ivey and R.I. Nokes, Vertical mixing due to the breaking of critical internal waves on sloping
boundaries, J. Fluid Mech.204 (1989),479-500.

[38] S.R.Jayne, The impact of abyssal mixing parameterizations in an ocean general circulation model, J.
Phys. Oceanogr.,39 (2009), 1756-1775.

[39] T.S. Johnston, M.A. Merrifield and P. Holloway, Internal tide scattering at the Line Islands Ridge, J.
Geophys. Res. 108 (2003), 844.

[40] Y-J.Kim, S.D. Eckermann and H.-Y. Chun, A overview of the past, present and future of gravity-wave
drag parameterization for numerical climate and weather prediction models, Atmos. Ocean 41 (2003),
65-98.

[41] JM. Klymak and S. Legg, A simple mixing scheme for models that resolve breaking internal waves,
Ocean Modelling 33 (2010),224-234.

[42] K.Lim,G.N.Ivey and N. Jones, Experiments on the generation of internal waves over continental slope
topography, J. Fluid Mech. (2010), submitted.



10

[43] PN. Lombard and J.J. Riley, Instability and breakdown of internal gravity waves. I. Linear stability
analysis, Phys. Fluids 8 (1996),3271-3287.

[44] J.A. MacKinnon and K.B. Winters, Subtropical catastrophe: significant loss of low-mode tidal energy
at 28.9 degrees, Geophysical Research Letters 32 (2005),376.

[45] P. Miiller, G. Holloway, F. Henyey and N. Pomphrey, Nonlinear interactions among internal gravity
waves, Rev. Geophys. 24 (1986),493-536.

[46] J. Nash, M.H. Alford, E. Kunze, K. Martini and S. Kelly, Hotspots of deep ocean mixing on the oregon
continental slope, Geophys. Res. Lett. 34 (2007), 170.

[47] G.I.Ogilvie and D.N.C. Lin, Astrophys. J. 610 (2004),477.
[48] G.. Ogilvie, Mon. Not. R. Astron. Soc. 396 (2009), 794.
[49] S.J. Peale, Annu. Rev. Astron. Astrophys. 37 (1999), 533.

[50] K.L. Polzin, Mesoscale Eddy—Internal Wave Coupling. Part I: Symmetry, Wave Capture, and Results
from the Mid-Ocean Dynamics Experiment, J. Phys. Oceanogr. 38 (2008),2556-2574.

[51] K.L.Polzin, Mesoscale Eddy—Internal Wave Coupling. Part II: Energetics and Results from PolyMode,
J. Phys. Oceanogr. 40 (2010),789-801.

[52] M. Rieutord, B. Georgeot and L. Valdettaro, J. Fluid Mech. 435 (2001), 103.
[53] M. Rieutord and L. Valdettaro, J. Fluid Mech. 643 (2010), 363.

[54] AK.Schenk,P. Arras, E. E. Flanagan, S.A. Teukolsky and I. Wasserman, Nonlinear mode coupling in
rotating stars and the r-mode instability in neutron stars, Physical Review D 65 (2002),024001-+.

[55] H. Simmons, S. Jayne, L. StLaurent and A. Weaver, Tidally driven mixing in a numerical model of the
ocean general circulation, Ocean Modelling 6 (2004),245-263.

[56] R.B.Smith,J.D. Doyle, Q. Jiang,and S. A. Smith, Alpine gravity waves: Lessons from MAP regarding
mountain wave generation and breaking, Q. J. R. Meteor. Soc. 133 (2007),917-936.

[57] L.J. Sonmor and G. P. Klaassen, Toward a unified theory of gravity wave stability, J. Atmos. Sci. 54
(1997),2655-2680.

[58] L. StLaurent and C. Garrett, The role of internal tides in mixing the deep ocean, J. Phys. Oceanogr. 32
(2002), 2882-2899.

[59] L. StLaurent, H. Simmons and S. Jayne, Estimating tidally driven mixing in the deep ocean, Geophys.
Res. Lett. 29 (2002).

[60] S. Talon, P. Kumar and J.-P. Zahn, Angular momentum extraction by gravity waves in the sun, Astro-
physical Journal 574 (2002),L175-L178.

[61] S.G.Teoh, G.N. Ivey and J. Imberger, Laboratory study of the interaction between two internal wave
rays, J. Fluid Mech. 336 (1997),91-122.

[62] A.L. Watts, B. Krishnan, L. Bildsten and B.F. Schutz, Detecting gravitational wave emission from the
known accreting neutron stars, Monthly Notices of the Royal Astronomical Society 389 (2008), 839-868.

[63] D.E. Winget and S.O. Kepler, Pulsating white dwarf stars and precision asteroseismology, Annual Re-
views of Astronomy and Astrophysics 46 (2008), 157-199.

[64] M.G. Witte and G.J. Savonije, Astron. Astrophys. 350 (1999) 129.

[65] , Y. Wu and P. Goldreich, Gravity modes in ZZ Ceti stars. IV. Amplitude saturation by parametric
instability, Astrophysical Journal 546 (2001),469-483.



11

[66] Y. Wu, Astrophys. J. 635 (2005), 674 and 688.

[67] C. Wunsch and R. Ferrari, Vertical mixing, energy and the general circulation of the oceans, Ann. Rev.
Fluid Mech., 36 (2004),281-412.

[68] J.-P. Zahn, Astron. Astrophys. 41 (1975),329.

[69] see http://exoplanet.eu



